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$0. INTRODUCTION 
IN THE last few years, several discrete (complex) reflection groups acting on the unit ball 
B = {(~~,~,)~~zll~~12+I~~12 < l> 
were found and studied. Picard [ 111, Terada [ 133 and Deligne and Mostow [S] studied the 
monodromy groups of Appell’s hypergeometric differential equations and found 27 groups. 
Let us call these PTDM groups. Hirzebruch [S] and Hofer [7] calculated the Chern numbers 
of some orbifolds attached to some line arrangements on the projective plane and found 
several groups, which will be called HH groups. Mostow [lo] constructed his “remarkable” 
polyhedra in B and found groups generated by three reflections described by triangular 
Coxeter graphs. PTDM groups and HH groups are also reflection groups. In this paper, I 
introduce a new convention for graphs and give the pentagonal graphs for all the PTDM 
groups which are generated by five reflections. For some HH groups, I give graphs which 
describe how the mirrors of reflections are situated in B and what kinds of Fuchsian groups 
act on the mirrors. 
$1. DISCRETE REFLECTION GROUPS ON HZ 
Although the discrete reflection groups which act on the real hyperbolic n-space H, are far 
from being classified, recently Im Hof [Et] classified the “complete orthoschemes”. Roughly 
speaking, they are arrangements of n + 3 hyperplanes A,, . . . , A,, 2 in H, such that Ai is 
orthogonal to Aj ifi# i - 1, i, i + 1 (indices mod n + 3). I omit the details and shall give the 
Coxeter graphs of two-dimensional complete orthoschemes. 
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Here the symbol l - - -0 stands for two reflections which admit a common perpendicular. For 
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example, the arrangement of the mirrors of generating reflections of the first group is as 
follows: 
Fig. 2. 
Two lines, if they meet, are perpendicular. 
$2. COMPLEX HYPERBOLIC PLANE 
Let V be a three-dimensional vector space over C, on which we fix a Hermitian form H of 
signature (+, +, -). The unitary group of H operates on the projective space P, = Y - {O}/ 
C”; we denote the resulting group on P, by PU(H). Set (p, 4 ) = H(p, q) and 
v- = {PEV(P,q) < 01, 
I@ = {pW(p,q) =o>, 
v+ = {pW(p,q) >Oj, 
II:= v- {O} -+ Ip, canonical map, 
B = CH2 = n(V-) ball, 
Aut (B) = the restriction of PU(H) to B. 
We regard B as a Riemannian manifold equipped with the Aut (@-invariant metric. Let us 
choose the basis of V so that 
H = -IxOlz + lxllz + 1x21’, 
then B is the unit ball in $0. The isotropy subgroup of Aut (B) at the origin is the unitary 
group U(2). The ball has two kinds of totally geodesic, real two-dimensional surfaces: 
H~={~(l,x~,x~)~BIx~,~z~~}, 
CH1 = {n(xo,x,,xz)~Blx~ = 01, 
that is, two-dimensional real hyperbolic space and one-dimensional complex hyperbolic 
space. In the following we shall see that the ball B looks like an amalgamation of both of 
these. 
93. LINES IN B 
A vector TE Vf (resp. V’-, V”) defines a line 
r~=rc{XEV-{0;~(X,r)=O> 
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through (resp. outside, touching) B. An element of Aut (B) which fixes the line rl is 
represented by 
(3.1) 
x+x+flk(x,r)r, kEW, rev’. (3.2) 
In the following, by a line in B we mean the intersection of B and a line r ’ for some r E V +. For 
two distinct lines in B, represented by ri and r2, introduce the invariant 
p(rl, r2) = 
I(r,,r2>l 
J(r,, rl)(r2,r2>’ 
The two lines meet in B, meet on c?B or admit a (unique) perpendicular line in B if and only if 
&-iv r2) < 1, = 1 or > 1. We want to consider line arrangements in B. Let Odenote a line in 
B. For two distinct lines, represented by rl and rz, we symbolize as follows: 
0 0 ptr,, r2) ‘0, perpendtcu\ar 
0 0 Ocp~r,,r,l< I 
0 0 P ( r, , f, 1 = I 
____ 0 p (I,, ‘J > I 
We are particularly interested in the following arrangements: 
,A 
(3.3) Q’ 
\ 
‘&__d’ 
Fig. 3. 
Fig. 4 
Up to Aut (B), these arrangements have two real parameters as in $1. (If one segment becomes 
bold faced then the arrangements lacks one parameter.) 
54. REFLECTIONS IN AUT (B) 
Dejinirion. A transformation A in Aut (B) is called a reflection if A is represented by (3.1) 
for some non-trivial root of unity 5, say l’jp, and r E V +. It is denoted by @ . A reflection 
group in Aut (B) is a group generated by reflections. 
Dejnirion. An element A E Aut (B) is called an E-reflection if A is represented by (3.1) 
for some non-trivial root of unity <, say 1”p, and r E V-. It is denoted by 0 -p . An element 
A E Aut (B) is called a P-reflection if A is represented by (3.2) for some k E R ’ and r E V”. It is 
denoted by @ . In any three cases, the fixed locus of A is called the mirror of A. 
Let A and B be two reflections in Aut (B) such that the group (A, B) generated by A and 
B is discrete. If the mirrors of A and B are situated as O------O, then (A, B ) is a unitary 
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reflection group, which will be briefly reviewed in $5. If they are situated as O-O. 
then (A, B ) is a subgroup of the parabolic subgroup of Aut (B). which we also review in $6. If 
they are situated as 0------ 0 then (A, B) acts as a Fuchsian group on the common 
perpendicular line in B. If it is a Fuchsian group of the first kind (i.e. finite covolume) then it 
must be a triangle group. Let p and r be the orders of the reflections A and B, and (p, 4, T) be 
the type of triangle group. We shall symbolize the group (A, B) by 
We shall use this symbol not only for two reflections but also for E and P-reflections. We 
regard any line through a mirror point in B as a line “perpendicular” to the mirror. Thus for 
p, r with L + i + L < 1, we define @- _?_ -0 as the symbol of the group which acts on the 
IPI 4 Irl 
perpendicular line as a Fuchsian triangle group of type (IpI, 4. Irl). 
$5. UNITARY REFLECTION GROUPS (cf. [23) 
A unitary reflection group generated by two reflections, of orders p and r, has a 
presentation 
Rf = R; = 1, 
(5.1) 
R,RtR, . . . = R2R1R,. . . 
with 2q R’s on each side, where 2q is a positive integer greater than 2 and 
;+:+A> 1 
r 
and q is an integer if p # r. It is symbolized by the graph 
Let G c U(2) be a two-dimensional unitary reflection group and G c PGL(2) its 
projectified group. The group G is a polyhedral group (i.e. dihedral, tetrahedral, octahedral 
and icosahedral groups). For a given polyhedral group (p, q r ), there is a unique maximal 
unitary reflection group G such that G = (p, q, r ). This group is denoted by (p, q, r ),, where 
1 1 1 1 
-=-+-+--1. 
s P4r’ 
and has the presentation 
RP = R; = R; = 1, 
(5.2) 
R,R,R, = R,R,R, = R3R,R2. 
The centre is of order 2s and is generated by R,R2R,: 
1 -+ zh- (p,q,r)r+ (p,q,r)- 1. 
One can find a graph of the group (p, q, r )s in some papers (cf. [I]) but we do not use it. The 
group (p, q, r ), has a subgroup with graph ($La and the group is generated by the 
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subgroup and the centre. Thus if we regard the group a subgroup of Aut (B), the group is 
symbolized by 
If one regards the group as a transformation group on C ‘, then the regular orbit is C2 minus 
three lines passing through a point in common. 
The Shephard-Todd symbols [12] of these groups are as follows: 
(s, 232)s = G(2s, 2,2), (3, 3, 2)6 = (7), 
(4,3,2),2 = (111, (%3,2),, = (1%. 
56. PARABOLIC REFLECTION GROUP IN AUT (B) [4] 
We shall study here discrete reflection groups in the isotropy subgroup of Aut (B) at 
PESB. To do so, we choose the Hermitian form H so that B is represented by 
{[z,u,1]~[P~~Imz-~~~~>0}, 
and P = [ 1, 0, 0] E ?B. Let ‘V be the parabolic subgroup of Aut (B) corresponding to P and C 
its centre. Then 
; [ 
1 2&i@ r+ &iIaI’ 
‘V = [cl, a, r) = 0 
0 t 
f ] I;;:;* rEaB, ( f 
C = {[l,O,r]IrEF?). 
Let rc be the homomorphism of ‘$? onto the motion group U (1) cx C of one-dimensional 
Euclidean space given by 
Cp, 0, rl + i 4 
[ 1 , 
then we have 
Let Gc ‘$3 be a discrete reflection group of locally finite volume at P then G = n(G) 
is a crystallographic group in U(1) MC and G has a non-trivial centre: 
l+Z+G:G-+l. 
For a given crystallographic group G = (p, q, r ) (2 5 p, q, r < co, l/p + l/q + l/r = 1) or 
(2, 2, 2, 2; 7 ) (Im 7 > O), there is a unique maxima1 discrete reflection group G denoted by 
(p, q, r )= or (2,2,2,2; T )=, respectively, such that n(G) = G. The group (p, q, r )= has the 
presentation (5.2) and the group (2,2,2,2; 7 ) o. has the presentation 
R; = R; = R: = R: = 1, 
[R,R2R,R,, Re] = 1, k = 1,. ,4. 
A discrete group in ‘v generated by two reflections of orders p and r has the presentation 
(5.1) and is symbolized by the graph 
@-+@ 
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where l/q = l/p + l/r - 1. The group (p, 4, r )= has a subgroup with grapl@- ’ @and 
is generated by the subgroup and the centre. Thus the group has the following diagram: 
@ @*A@. 
The space B/G u {P), the orbit space with the point P added, is a domain in C* and 
the discriminant consists of three (resp. four) lines passing through a point in common for 
G = (p, 4, r), (resp. (2,2,2,2; r)=). 
In [4], these groups were denoted as follows: 
( 2,494 > 30 = l-1” (4,O; O), 
(3, 3,3& = I-u,(3;0), 
(2,3,6 )m = I-v, (6; O), 
(2,2,2,2;r), = rt, (7; 2,0,0; 0). 
57. PTDM GROUPS (cf. [3], [ll] AND [13]) 
Let xi, x2 and xj be homogeneous coordinates of P, and set x,, = 0. Put 
S(ij) = (xi = xi), (i,j} c (0, 1, 2, 3}, 
S(ijk) = {Xi = Xj = xk}, {i, j, kj c (0, 1, 2, 31, 
9 = P2-A, A = uS(ij), 
i. j 
Ip; : the manifold obtained from P, by blowing up the four points S(ijk), 
T: P“ -+ p2 the natural map, 
S(ij)” C P” proper transform of S(ij), 
S(ijk)” = T- ‘S(ijk), 
A = {Cx,, x2, 1]Eka~x,,x,Em,x,>o,x,-x,>o,x, Cl}. 
There is a Fuchsian differential equation E(i.) defined on P,, with regular singularity along A, 
called Appell’s hypergeometric differential equations, where E. = (&, i.,, E_2, j.s) are four 
complex parameters. The equation defines the projective monodromy representation 
p: x1 (9, Q) + PGL(3, C) (Q E 9). 
For certain values ofi’s, the image ofp [called the projective monodromy group ofE(i.)]] is a 
discrete subgroup of PU(H). There are just 27 such groups--call these PTDM groups. They 
are reflection groups in Aut (B) [15]. 
Fix a point Q in A and regard A c 9 c CIP;. Let I, (resp. I,, I,, I,, I,) be a loop with the 
base point Q going on A near to the line L = S(O12)” [resp. S(OZ)“, S(13)“, S(123)“, S(12)“], 
turning around L in 9 and coming back on A. One may note that I,, . . . , I5 generate 
n, (2, Q). 
Set 
1(l) = -(E.,+i.,+i.2-2), 
I(2) = i., + i., - 1, 
J(3) = i., + i., - 1, 
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1(4) = - (j-l + i., + iJ - 2), 
I(5) = i., + I, - 1 
A 
s112)ff _-‘/ (1 S[l23Y Y 0 S(O2Y 
s (012 IV S(l3Y 
Fig. 5. 
then, in view of [13], we see that p(li) (i = 1, . , 5) is a reflection (resp. P-reflection, 
E-reflection) if I(i) > 0 (resp. 0, < 0). Let F(i) be the mirror of ~(1,). Since A is simply 
connected, we can conclude that F(l), . . . , F(5) form a (may be degenerated) pentagon (3.3). 
The intersection of this pentagon and the real geodesic surface H, is a pentagon in the (may 
be degenerated) figure in $1. 
For the explicit values of I,, . . . , L,, we refer to [13]. We are now ready to give graphs of 
the PTDM groups. Unlike the case of real reflection groups, and like the case of unitary 
reflection groups, one group may have different diagrams. 
58. COXETER GRAPHS OF THE PTDM GROUPS 
We shall give Coxeter graphs for 27 PTDM groups. All conventions are explained in $4, 
$5 and $6. The number under each pentagon is the group number (Terada number) used in 
c131. 
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Note. Groups 3 and 19 are used in [ 143 and group 1 is treated in [ 1 I]. 
59. A TWO-DIMEESIONAL CO,MPLEX CRYSTALLOGRAPHIC GROUP 
Let Aut (C’) be the complex Euclidean motion group U(2) XC’ acting on 63’. We call an 
element of Aut (C2) a reflection or an E-reflection if it is conjugate to [’ ,] or [” J (p 
= l”“), and symbolized as @ or @ , respectively. Note that this definition is essentially the 
same as that in 94. 
There exists a crystallographic group To c Aut (C’) such that the orbit space is P2 and the 
regular orbit is CS [9]. The group To admits an exact sequence 
l-,Z@Z+I-,+(2,2,2),+1. 
This group is denoted by (4.2), in [9], and generating reflections and their relations are 
known. 
By using E-reflections also, by the analogous arguments and conventions in 94, $5 and $7, 
we can symbolize the group To by the pentagonal graph: 
2 
8,’ 4 / 
Q 
-4 2 
4: 2 &_-,__ 24 
Fig. 9. 
Here the subdiagram 
stands for the subgroup of Aut (C’), which is isomorphic to the one-dimensional 
crystallographic group ( Ip 1, q, Ir I ), acting on the perpendicular affine line. 
The group To appears as a quotient of the PTDM groups r of Terada number 3,5,9, 10, 
11, 12, 15. 17 and 24. Each one has a diagram 
- -- Stands for one of the 
three kinds 
Fig. 10. 
such that pl, p2, p,, q2, q4 and qs are even and p4, ps, q1 and q3 are divisible by 4. The kernel K 
of the natural homomorphism r -+ To is again a reflection group in Aut (B); it requires 
infinitely many generating reflections, whose arrangement of mirrors are the same as of r and 
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the orders are half or one fourth of those of r. Galois correspondence may be put into the 
following diagram. 
B - {mirrors of I) ++l 
I 
c’ - {mirrors of I,, j ++ K 
J( 1 I-,, = l-/K 
9 4 
This situation is very much related to Hirzebruch’s construction [6] of surfaces covered 
by a ball which are finite, ramified coverings of abelian surfaces. 
810. HESSIAN CONFlCLJRATlON AND HH GROUPS 
The Hessian configuration A c 9, consists of the following 12 lines: 
Aoj: xj = 0 i = 1, 2, 3, 
Aij: WAXY+ ~0~x2 + ~3 = 0 i, j = 1, 2, 3, 
where CL) = exp2xfl/3. Put 
k%‘= P2-A, 
E = { eij = Aij A A,,j li,j = 1, 2, 3) the nine 4-fold points of A, 
Pq: the manifold obtained from P, by blowing up E, 
r: P; + B, the natural map, 
A& c P$: proper transformation of AH(k, 1 = 0, 1, 2, 3), 
E” = r-‘E, e; = r-‘eij. 
It is known [SJ, [7] that the universal branched covering of U’; with ramification indices n 
on Ai1 (k, I = 0, 1,2,3) and m on E” is biholomorphic to the ball B for (n, m) = (4, 2), (3, 3) and 
(2, co). Let T(n, m) c Aut (B) be the Deck transformation group. These three are the HH 
groups corresponding to the Hessian configuration. They are reflection groups generated by 
eleven reflections. I cannot give any Coxeter graphs for them but I shall describe the 
arrangements of mirrors. 
Let A be a triangle 
([Xi. x23 l] E 91x,, x2 E Iw, xi < 0, x2 < 0, xi +x2 + 1 > 0). 
Regarding A c 9 c P;, the triangle is bounded by five lines Az2, e$,, A”,,, eE3 and AZ, in this 
order. Thus just as we did in $7, we can define loops I,, . , , I,, with base point at QEA, 
turning around the above five lines, the representation 
p: x,(9’, Q,-rhm) 
and the reflection or P-reflection p(li). The mirrors F(i) of I (i = 1, . . . , 5) again form a 
pentagon (3.3). For (n, m) = (2, XI), the pentagon degenerates to a triangle. 
Unlike the PTDM groups, p(li) (i = 1, . . . , 5) do not generate the group T(n, m). The 
stabilizer T(n, m)i of F(i) in T(n, m) is a reflection group containing p(li.2) and p(li+a)T 
regarding 6 = 1. If F(i) is a line in B then I’ (n, m)i acts as a Fuchsian group of the first kind on 
F(i) and if F(i) is a point on dB then r(n, rn); is isomorphic to the group (2, 2, 2, 2: T)~ for 
some r. One can easily check that the five groups r(n, m)i (i = 1, . . . , 5) generate the whole 
group. Thus we can say that the group r(n, m) is determined by the skeleton pentagon and the 
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five Fuchsian groups generated by elliptic transformation: for (n, m) = (2, co), three Fuchsian 
and two parabolic reflection groups. 
Let us study the group T(n, m)i. The Hessian configuration A is invariant under the 
Hessian group G2 i6 c PGL(3) generated by 3-fold reflections with mirror AU(k, 1 
= 0, 1,2, 3) [12]. This implies the existence of a reflection group r(n, m) in Aut (B) which 
admits an exact sequence 
1 -, r(n, m) + r(n, m) -, G2i6 -+ 1. 
This tells us the following. Let (p, q, r ) (l/p + l/q + l/r = 1) be a triangle group such that p 
and q are multiples of 3 then there exists, uniquely, a subgroup of index 3 with sign (p/3, q, q, q, 
r/3), which we shall denote by (p/3; q, q, q; r/3 ). Th en if i(n, m)i denotes the restriction of 
r(n, m)i on the linef(i), we have 
i(4, 2), 2 r(4, 21, z i(4, 2j5 g (4; 2, 2, 2; 4), 
i(4, 2), z i(4, 2)4 z (4; 4, 4, 4; 1 ), 
r(3, 3), z i(3, 3)3 z i(3, 3), z (3; 3, 3, 3; 3 ), 
i(3, 3)z z 173, 3)4 z (3; 3, 3, 3; 1 ), 
i(2, ~13)~ z i(2, ~1))~ z i(2, CO), z (2; CO, CO, CO; 2 ), 
r(2, CO)* z r(2, 00)~ 2 (2, 2, 2, 2; ~0)~. 
If @ __?‘;!~b~!!~ -@ d enotes a reflection group in Aut (B) which is isomorphic, on the 
common perpendicular, to ( a; b, b, b; c ), with two specified reflections of orders a and b, and 
@_c~zIz-z;w~~-_@ denotes the parabolic group (2,2,2,2; CO)~ with two specified 
reflections, then the above result can be abbreviated by the following diagrams: 
h,n) = (4,2), l3,3), 
-- 
r,=<2im,wrwi2>, 
r,:c2io,,z,wz 2>, 
rz=<2,2,2,2;wB4 
Fig. Il. 
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APPENDIX 
Let D be the intersection of B and a line through B, and G be the isotropy subgroup of D in Aut (B). 
Since G and Aut (D) are isomorphic to U(1, 1) and PU(1, l), respectively, we can define a projection 
p: G -+ Aut (D). 
Consider a Fuchsian group I- c Aut (D) of genus 0 with the sign (nl, . , n,). Let gi E r be an elliptic 
transformation of order ni such that gr, . . , g, generates r and they are representatives of all 
elliptic conjugate classes of r. For the elliptic transformation gi E Aut (D), there exists a unique reflection 
R,EG such that pR, = qt. Put 
f:= the subgroup of G generated by R,, . , R,, 
R:= a generator of the centre of f, 
m : = the order of R [a reflection in Aut (B)], 
f,:= the subgroup of G generated by I- and RI/’ (a reflection), 
Mk : = B/f, the quotient variety (non-singular), 
(Ik: B -+ M projection, 
Ck:= q,(D) non-singular rational curve in M,, 
(C,)‘:= the self-intersection number of Ck in Mk. 
PROPOSITION (cf. [7]). (1) (C,)’ and m are coprime. 
(2) -2 k=l,2,.... 
Proof. Let (x,,, xtr x2) be a homogeneous coordinate of B, as in $2. We can assume that D is given by 
x1 = 0. The group G is given by 
G={(t ~)~‘dHf,4=Hf} whereH’=(-’ l). 
a b 
Put x = x,/x,, and y = x1/x0, then the element ( ) c d of G acts on B as 1 
(x, y) i--r 
( 
ax+b y 
- - 
cx+d’cx+d > 
. 
Thus the manifold Mk can be regarded as a tubular neighbourhood of the zero section of a line bundle 
L, on the curve Ct. Iff(x) is an automorphic function on D for the group r and if k is a multiple of 
n,, . . . . n, and 2, then (j-‘(~))~” is a section of 15; ‘. Because we have 
(f’ (x))mk’t =(I.(;;;;))mk’* ‘d-4;~’ 
and Ri is represented by 
Ai ( > 1 ’ where det Ai is an ni-th root of unity. Let z be a coordinate 
of D/~-Z Cpz and put f(x) = z. Then we can count the numbers of zeros and poles of the section 
(f’(x))rnk’Z: 
mk ’ 
# {zeros) - 4+ jpolesj = T iC, 
Finally we notice that this number is equal to - (Ck)* and that Mk is an m sheeted cyclic covering of MI 
branching along Cr. The completion of the proof is now immediate. Q.E.D. 
The proposition says in particular that if a PTDM group has a graph 
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